linearity of a time series. Compared with the existing AR-GARCH and threshold AR-GARCH models, an application to several exchange rates highlights an interesting interpretation of the buffer zone determined by the fitted BAR-GARCH models.
INTRODUCTION
After the seminal work of Tong (1978) , the class of threshold autoregressive (TAR) models has achieved a great success in practice; see, e.g., Tong (1990) for earlier works and Tong (2011) and the references therein for more recent ones. The TAR model with single threshold r basically says that the structure of an AR model shifts from one regime to another, if the status of the threshold 25 variable z t crosses above or below the threshold r. Due to this piecewise linear character, the TAR model is able to mimic many nonlinear features in time series, such as resonance, limit cycles, time-irreversibility, and many others; see, e.g., Li and Lam (1995) , Pesaran and Potter (1997) , and Hansen (2011) for an overview. However, in the two-regime situation, there are some cases that the two-way switching of regimes may not happen at the same threshold. A typical example 30 is the hoisting of a typhoon warning signal mentioned in Li et al. (2013) . It is observed that a typhoon warning signal is hoisted when the average wind speed up-crosses a certain threshold r U , but it may only be canceled when the average wind speed down-crosses another threshold r L which is smaller than r U . In view of this, it is reasonable to treat the zone (r L , r U ] as a buffer zone, in which the weather station keeps the warning signal unchanged when the average wind 35 speed (a threshold variable in this case) lies in the buffer zone.
In order to describe such buffering phenomenon in the real world, Li et al. (2013) first investigated a buffered AR (BAR) model. Unlike the TAR model, this BAR model says that the structure of an AR model remains unchanged when the value of z t lies inside the buffer zone (r L , r U ]. Thus, the BAR model provides us a new way to study nonlinearity in time series. As 40 expected, the buffering phenomenon not only exists in meteorology but also in finance and economics. A nice illustrative example is the study of the quarterly U.S. GNP data set in Li et al. (2013) and Zhu et al. (2013) . Their empirical studies showed that the BAR model provides a better fit than TAR model for the GNP series. Based on the fitted BAR model, they discovered an interval of GNP which does not shift in terms of the probabilistic structure unless we have ex-45 perienced a big 'contraction' or 'expansion' two years before. This finding is clearly of practical interest and can not be detected by the TAR model.
The above-mentioned BAR model focuses on the buffering phenomenon that is present in the conditional mean. A natural but important extension is to consider the buffering phenomenon in both the conditional mean and variance or in the conditional variance only. It is well known that 50 many financial and economic time series exhibit conditional heteroscedasticity, and they can generally be fitted by the generalized autoregressive conditional heteroskedasticity (GARCH) models proposed by Engle (1982) and Bollerslev (1986) . Moreover, many variants of the GARCH model have since been developed to capture the asymmetry and leverage effects in the market volatility. Among them, the threshold GARCH (TGARCH) model proposed by Rabemanjara and 55 Zakoïan (1993) and Zakoïan (1994) emphasizes that the structures of volatilities are different for positive and negative return series. In their settings, the threshold r is fixed at zero. Generally, we are interested in cases where the threshold is unknown. Some pioneer works in this context can be found in Li and Li (1996) and Liu et al. (1997) , in which the double threshold AR-ARCH and AR-GARCH models were proposed respectively to capture the piecewise linear conditional 60 mean and variance. Motivated by the BAR model, this paper introduces a new model called the buffered AR-GARCH (BAR-GARCH) model. The new model includes the AR-GARCH, double threshold AR-ARCH, threshold AR-GARCH, or TGARCH model as special cases, and can capture the buffering phenomenon of time series in both conditional mean and variance. To highlight the importance of the BAR-GARCH model, we apply it to several exchange rate series. In 65 most of these cases, the BAR-GARCH model gives a better fit than the AR-GARCH or TAR-GARCH model. Therefore, the participants in these exchange rate markets should not ignore this buffering phenomenon in the conditional mean/variance or both of them. This paper is organized as follows. Sections 2 and 3 review the TAR and BAR models, respectively. Section 4 proposes our new BAR-GARCH model, with a specified estimation and 70 model-selection procedure. The application of the BAR-GARCH model to several exchange rate series is presented in Section 5. Section 6 concludes with some suggested future work.
THE CLASSIC THRESHOLD AUTOREGRESSIVE MODEL
Let {y t } be a stationary time series. A p-th order threshold autoregressive [TAR(p)] model for {y t } can be defined as
where (2011) and Li et al. (2013) .
Since the non-linearity of y t happens only when there exists a threshold structure, it is impor-90 tant for us to detect the existence of a threshold structure. The related works are the Likelihood ratio (LR) test in Chan (1990 Chan ( , 1991 , Li and Li (2011) and Zhu and Ling (2012) , and the Wald test and Lagrange multiplier (LM) test in Hansen (1996) . Once the null hypothesis of no threshold structure is rejected, the least squares estimation procedure in Li and Ling (2012) 
provided that ε t has a density function that is positive everywhere on R and E|ε t | < ∞.
Although both TAR(p) and BAR(p) models have two regimes, the regime indicator in BAR(p) model depends on past observations infinitely far away. This can be illustrated by the fact that Chan (1991) and Andrews (1993) . By doing so, we can always find a smallest integer n 0 (≥ p) such that y n 0 −d stays outside the region [a, b] .
Hence, the regime indicator R n 0 (γ) is well identified, and the regime indicators for observations {y t } n t=n 0 +1 can be iteratively calculated by
For the remaining observations {y t } n 0 −1 t=1 whose regimes are not well identified, we then set their regime indicators to be zeros. Thus, we should useR t (γ) rather than R t (γ) in practice, wherẽ
Although the first (n 0 − 1) regime indicators are artificially chosen in (3), efficiency loss is 110 negligible because Zhu et al. (2013) showed that n 0 , an integer depending on {y t } n t=1 , is bounded in probability.
Even though the BAR(p) model has two thresholds, it has only two regimes. If we treat the buffer zone as the "middle regime", the BAR(p) model is similar to the classical three-regime TAR(p) model, but the parameters in its "middle regime" inherit their values from the two outer 115 regimes. Hence, the buffering phenomenon captured by the BAR(p) model can not be handled by the three-regime TAR(p) model. Finally, it is worth noting that the non-linearity of y t in BAR(p) model exists only when the threshold variables r L and r U are present. Like the TAR(p) model, it is of interest to detect the existence of these two thresholds. Under certain conditions, the LR test in Zhu et al. (2013) is applicable. Once the BAR(p) model is preferable, the least squares 120 estimation procedure in Li et al. (2013) can be used to estimate this model.
THE BUFFERED AR-GARCH MODEL
Conditional heteroscedasticity is a key character in most of economic and financial real data.
Basically, it says that the conditional variance of the data is changing over time. So far, this phenomenon has been well modelled by the ARCH model in Engle (1982) and its huge variants; 125 see, e.g., and Francq and Zakoïan (2010) . In many applications, a conditional mean model along with an ARCH-type conditional variance model is necessary to fit the real data (see, e.g., Tsay (2005)). showed that ignoring the ARCH effect would lead to inefficient estimates and suboptimal statistical inference in the conditional mean model. In view of this, it is of interest to consider the following buffered AR(p)-GARCH(m, s)
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(BAR-GARCH) model:
where R t is defined as in (2), and
and η t is a sequence of iid random variables with mean zero and variance one. Here, we assume
we call models (4)-(5) the threshold AR-GARCH (TAR-GARCH) model which includes the double threshold AR-ARCH model in Li and Li (1996) and Wong and Li (1997, 2000) as a special case. When both r L and r U are absent, model (4)-(5) becomes the classical AR-GARCH model. Also, when p = 0, we have a buffered GARCH model which can be viewed as a natural 140 extension of the threshold GARCH models in Liu, et al. (1997) and Brooks (2001) . Thus, when two threshold variables r L and r U in R t are present and different, the BAR-GARCH model captures the buffering phenomenon of y t in terms of both conditional mean and variance. Note that our BAR-GARCH model assumes that both conditional mean and variance models switch regime at the same time. This assumption seems to be the most likely situation in practice,
145
although allowing for different regime-switching rules in the conditional mean and variance models could easily be done.
Next, we consider the estimation for the BAR-GARCH model.
Given n observations of y t , −2 times quasi-log-likelihood of models (4)-(5) (ignoring some constants) can be written as
where ε t (θ, γ) and h t (θ, γ) are iteratively calculated as
withR t (γ) being defined as in (3) and the initial values Y 0 ≡ {y i ; i ≤ 0} being zeros.
Given (p, m, s, d, γ) , the quasi-maximum-likelihood estimatorθ of θ is obtained by minimizing L n (θ) with the Newton-Raphson method. Then, the estimation of d and γ is employed by
where 1. Apply the foregoing estimation procedure in model (4)- (5) with r L = r U = r 0 to get the (6) with the Newton-Raphson method.
Note that for the AR-GARCH model, the aforementioned procedure is not needed. It is be-180 cause we do not need to estimate the threshold and delay parameters in this model. Thus, the AR-GARCH model can be estimated efficiently. Also, it is worth noting that although the estimation procedure in steps 1-3 is sub-efficient for the BAR-GARCH model, the TAR-GARCH model estimated from step 1 is nested within the fitted BAR-GARCH model obtained from steps 1-3. Hence, statistical inference about comparing TAR and BAR models in terms of their log-
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likelihood values becomes standard.
APPLICATION TO EXCHANGE RATES
In this section, we apply the BAR-GARCH model to fit several exchange rate series. Our main objective is to check whether the BAR-GARCH gives a better fit to the data sets than the AR-GARCH or TAR-GARCH model. If this is the case, practitioners in the exchange rate markets
190
can get more insight from the BAR-GARCH model, which demonstrates that the asymmetric property, caused by a novel buffered mechanism, should not be ignored.
The exchange rate series we studied are the six daily currencies against the U.S. dollar, the Argentine Peso(USD/ARS), Bulgarian Lev(USD/BGN), Philippine Peso(USD/PHP), Polish Zloty(USD/PLN), Russian Ruble(USD/RUB) and Taiwan Dollar(USD/TWD), over the period 195 from January 1, 2006 to December 31, 2011. They are mostly currencies from developing countries, one from Latin America, two from Asia and three from Eastern Europe. Each series has a total of 2191 observations. The log-return (×100) y t of each series is plotted in Figure 1 . A simple visual inspection of the sample autocorrelation plots of y t and y 2 t (not reported here) implies that all return series are highly correlated with possible ARCH effect. Thus, it is natural to 200 consider fitting AR-GARCH, TAR-GARCH and BAR-GARCH models for these exchange rates.
We employ the estimation procedure stated in Section 4. The maximum orders (P, M, S, D) for these models are set to be (8, 1, 1, 8), which is generally enough for selecting the best model in most financial applications. The value of a (or b) is set to be the 10th (or 90th) percentile of the data.
205 Table 1 reports the estimates for (p, m, s, d, γ) of the best fitted AR-GARCH, TAR-GARCH and BAR-GARCH models for all six exchange rate return series, together with the corresponding values of -2 times the maximized log-likelihood function (LLF), AIC, BIC, and AICc, where LLF is the L n (θ) defined in (6), and
Here, k is the number of estimated parameters and n is the sample size. Meanwhile, it is worth mentioning that all best fitted models are adequate by looking at the the ACF and PACF plots (not depicted here) of the residuals and squared residuals. From Table 1 , we find that the TAR-GARCH model nests the AR-GARCH model in all cases. Thus, it is meaningful to use the LR test statistic LR 1n := LLF AR-GARCH − LLF TAR-GARCH to test for no threshold structure (i.e., the null is H 10 : the AR-GARCH model and the alternative is H 11 : the TAR-GARCH model). Conventionally, the p-value of LR 1n is p 1 = 1 − F k 1 (LR 1n ) with k 1 = p + m + s + 4, where F k (·) is the cdf of a chi-square distribution with degrees of freedom k. Similarly, we can use the following LR test statistic LR 2n := LLF TAR-GARCH − LLF BAR-GARCH to test for no buffer zone (i.e., the null is H 20 : the TAR-GARCH model and the alternative is H 21 : the BAR-GARCH model), and its p-value is p 2 = 1 − F 1 (LR 2n ). The values of p 1 and p 2 for all return series are also given in Table 1 , from which we can see that at the 5% level of 215 significance, the TAR-GARCH model is always superior to the AR-GARCH in all cases while the BAR-GARCH model is superior to the TAR-GARCH model except the case of USD/PHP.
To look for further evidence, Table 1 also reports the values of n L , n B and n U , where n B , n L and n U are the number of observations in the buffer zone (i.e., r L < y t−d ≤ r U ), the lower regime outside the buffer zone (called lower outer regime) (i.e., y t−d ≤ r L ), and the upper regime 220 outside the buffer zone (called upper outer regime) (i.e., y t−d > r U ), respectively. Clearly, n B is zero for all TAR-GARCH models, and n B for a fitted BAR-GARCH model can be decomposed into n BL and n BU , which are the number of observations in the buffer zone belonging to the lower and upper regimes, respectively. For the TAR-GARCH models, neither n L nor n U is small, indicating that the threshold effect tends to exist, as also evidenced by significant testing results
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based on LR 1n . For the BAR-GARCH model, most exchange rates except USD/PHP generally have a large buffer zone, particularly for USD/PLN, USD/RUB and USD/TWD. This implies that the buffer zone exists in most exchange rates except USD/PHP, and this result is consistent with the one based on the likelihood ratio test statistic LR 2n . Suppose for instance, the USD/RUB series is now in the lower regime. According to its fitted BAR-GARCH model, it will move to 230 the upper regime whenever its previous day's log-return exceeds 0.4202% and then return back to the lower regime only when its previous day's log-return drops below -0.3381%. However, the TAR-GARCH model will wrongly assign it to the lower regime once its previous day's log-return drops below 0.4202%. and after the crisis. This finding reveals that the buffer zone reflects a normal range of exchange rate variation under normal market condition, and the market intervention by the central bank will be invoked only when the exchange rate move outside the buffer zone.
As the hypothesis of no buffer zone is not rejected for USD/PHP, it is natural to see that USD/PHP had very few observations located inside the buffer zone throughout the whole time Now we consider the parameter estimates of the best fitted models as shown in Table 2 . For 250 ease of comparison, we also compute the volatility persistence in each regime derived from these models (see Table 3 ). It can be seen from Table 3 that there was a strong persistence in volatility in all these models, with a slightly higher persistence in the lower regime in most exchange rates except the case of USD/PLN where it had an explosive volatility in the upper regime. This might be because Poland
Log-return Series (×100) USD/ARS USD/BGN AR-GARCH TAR-GARCH BAR-GARCH AR-GARCH TAR-GARCH BAR-GARCH

USD/PHP USD/PLN AR-GARCH TAR-GARCH BAR-GARCH AR-GARCH TAR-GARCH BAR-GARCH Orders
p = 3 p = 3 d = 5 p = 3 d = 5 p = 4 p = 4 d = 1 p = 4 d = 1 m = 1 s = 1 m = 1 s = 1 m = 1 s = 1 m = 1 s = 1 m = 1 s = 1 m = 1 s = 1
USD/RUB USD/TWD AR-GARCH TAR-GARCH BAR-GARCH AR-GARCH TAR-GARCH BAR-GARCH Orders
p = 1 p = 1 d = 1 p = 1 d = 1 p = 5 p = 5 d = 7 p = 5 d = 7 m = 1 s = 1 m = 1 s = 1 m = 1 s = 1 m = 1 s = 1 m = 1 s = 1 m = 1 s = 1
255
is the only European country to have avoided the recession in the late 2000s (Buckley, 2012) .
One may argue that as the BAR-GARCH model is nested within the three-regime TAR-GARCH (denoted by 3R-TAR-GARCH) model, it is therefore interesting to see whether the 3R-TAR-GARCH model can give a better fit to our data sets than the BAR-GARCH model. Table 4 shows the results of the best fitted 3R-TAR-GARCH model, which is obtained by using the same estimation procedure for the BAR-GARCH model. We also calculate the LR test statistic
to test for the null hypothesis H 30 : the BAR-GARCH model against the alternative H 31 : the 3R-TAR-GARCH, and its p-value
We can see from Table 4 that for the USD/BGN, USD/PLN and USD/TWD return series, their best fitted 3R-TAR-GARCH models are simply their corresponding two-regime TAR-GARCH 260 models. This indicates that a two-regime model is enough for these three series. For the other three return series, the results of the likelihood ratio test reveal that, at the 5% significance level, the BAR-GARCH model is superior to the 3R-TAR-GARCH model except the USD/ARS return series. However, there are only n M = 21 observations in the middle regime of 3R-TAR-GARCH model for the USD/ARS return series. In view of this, it is believed that the BAR-GARCH model 265 is a plausible alternative to TAR-GARCH model. TAR-GARCH models in most of cases. It is interesting to find that the buffer zone obtained in these series can be interpreted as a normal region of the exchange rates so that possibly there is no market intervention. All of our findings imply that the property of asymmetry, caused by a novel buffered mechanism from BAR-GARCH model, should not be ignored. Due to the empirical importance of the BAR-GARCH model, a theoretical exploration on its stationarity, estimation, 275 statistical inference and model-diagnostic, should be considered, and we leave it for a future study. 
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